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Definitions

Numerical radius (Bauer, Lumer, early 60's)
X Banach space, T' € L(X)
o(T) =sup{|z*(Tz)|: x € Sx, x* € Sx=~, 2*(z) = 1}
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Definitions

Numerical radius (Bauer, Lumer, early 60's)
X Banach space, T' € L(X)
o(T) =sup{|z*(Tz)|: x € Sx, x* € Sx=~, 2*(z) = 1}

m v is a seminorm on £(X) with v(T) < |||

Numerical index (Lumer, 1968)
X Banach space
n(X) =inf{v(T): T € S (x)} = max{k > 0: k[T < v(T)}
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Definitions

Numerical radius (Bauer, Lumer, early 60's)
X Banach space, T' € L(X)
o(T) =sup{|z*(Tz)|: x € Sx, x* € Sx=~, 2*(z) = 1}

m v is a seminorm on £(X) with v(T) < |||

Numerical index (Lumer, 1968)
X Banach space
n(X) =inf{v(T): T € S (x)} = max{k > 0: k[T < v(T)}

B 0<n(X)<1
m v and || - || are equivalent norms <= n(X) >0
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Examples

m H real Hilbert space, n(H) =0
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Examples

m H real Hilbert space, n(H) =0

m H complex Hilbert space, n(H) =1/2
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Introduction

Examples

m H real Hilbert space, n(H) =0
m H complex Hilbert space, n(H) = 1/2
m n(C(K)) = n(Li(p) =1

n(co) = n(l1) = nls) =1
(Duncan—-McGregor—Pryce-White, 1970)
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Numerical index of L, spaces

For 1 < p < oo, £ is the m-dimensional Lj-space,

Alicia Quero  Universidad de Granada XXII Lluis Santalé School 2023



Numerical index of L, spaces

For1 < p < oo, E;” is the m-dimensional L,-space,

i

M, := max ———
01 141¢P

te|
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Numerical index of L, spaces

For1 < p < oo, E;” is the m-dimensional L,-space,

i

M, := max ———
01 141¢P

te|

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov)

(a) The sequence (n(£}")),, .y is decreasing.
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te|

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov)

(a) The sequence (n(£}")),, oy is decreasing.
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for every measure p such that dim(L,(p)) = oo.
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Numerical index of L, spaces

For1 < p < oo, E;” is the m-dimensional L,-space,

[t~ — ¢

M, := max ———
01 141¢P

te|

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov)

(a) The sequence (n(£}")),, oy is decreasing.

(b) n(Ly()) = nlly) = mt{n(€r): m € N}
for every measure u such that dim(Ly(p)) = oo.

(c) In the real case, % < n(Lplo,1])
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Numerical index of L, spaces

For1 < p < oo, E;” is the m-dimensional L,-space,

[t~ — ¢

M, := max ———
01 141¢P

te|

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov)

(a) The sequence (n(£}")),, oy is decreasing.

(b) n(Ly()) = nlly) = mt{n(€r): m € N}
for every measure u such that dim(Ly(p)) = oo.

M,
(c) In the real case, 5 < n(Ly[0,1])

1
21/’ 21/4

(d) In the real case, max{ } M, < n(ﬁi)
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Numerical index of L, spaces

For1 < p < oo, 5;” is the m-dimensional L,-space,
=l ¢ 1
M, := max g =0 0
tef0,1] 14t -1 0

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov)

(a) The sequence (n(£}")),, oy is decreasing.

(b) n(Ly()) = nlly) = mt{n(€r): m € N}
for every measure u such that dim(Ly(p)) = oo.

M,
(c) In the real case, 5 < n(Ly[0,1])

1 1
21l/p’ 91/q

(d) In the real case, max{ } M, < n(E?,)
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Numerical index of L, spaces

For1 < p < oo, E;” is the m-dimensional L,-space,
=l ¢ 1
M, := max g =0 0
tef0,1] 14t -1 0

Some known results (Aksoy, Ed-dari, Khamsi, Martin, Meri, Popov)

(a) The sequence (n(£}")),, oy is decreasing.

(b) n(Ly()) = nlly) = mt{n(€r): m € N}
for every measure u such that dim(Ly(p)) = oo.

(c) In the real case, % < n(Lpl0,1]) < M,,.

1 1
21/p’ 91/q

(d) In the real case, max{ } M, < n(E?,) < M,
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Problem in the real two-dimensional case

Question
Let l1<p<oo, p#2

—1
Y N (P~ —t] 0 1
n(l;) = M, = maxyc[ 7 —Yl1 0 7
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Problem in the real two-dimensional case

Question
Let l1<p<oo, p#2

[tP=1 — ¢ 0 1
n(ﬁi) > Mp = maxejo ) I 1 o ?
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Recent results on numerical index of Eg

‘Theorem (Meri-Q., 2021)
P! — ¢

Let p € [%, 3]. Then, n(f%) = M, = maxy¢[g 1] i
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Recent results on numerical index of Eg

Theorem (Meri-Q., 2021)
P! — ¢

Let p € [%, 3]. Then, n(f%) = M, = maxy¢[g 1] i

Theorem (Monika—Zheng, 2022)
Let p € [1 + ap, a1], where ag =~ 0.4547, a1 ~ 3.1993. Then,
o

Tl(gz%) = Mp = maxte[o,l] 1—|——tp
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Recent results on numerical index of Eg

Theorem (Meri-Q., 2021)
P! — ¢

Let p € [%, 3]. Then, n(f%) = M, = maxy¢[g 1] i

Theorem (Monika—Zheng, 2022)
Let p € [1 + ap, a1], where ag =~ 0.4547, a1 ~ 3.1993. Then,
o

Tl(gz%) = Mp = maxte[o,l] 1—|——tp

Theorem (Meri-Q., 2023)
1

Let p € [g g] U[3,6]. Then, n(f2) = M, = maxiepo,y =75 o
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Absolute symmetric norms on the plane

Absolute symmetric norms on the
plane
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Absolute and symmetric norms

Definition
|- ||: R? — R is absolute if
= [[(LO)[ = (0, )] =1
m [[(a, )]l = [[([al, [b])]| for every a,b € R
and symmetric if ||(b,a)|| = ||(a,b)|| for every a,b € R.
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Absolute and symmetric norms

Definition
|- |l: R2 — R is absolute if
= [[(LO)[ = (0, )] =1
m [[(a, )]l = [[([al, [b])]| for every a,b € R
and symmetric if ||(b,a)|| = ||(a,b)|| for every a,b € R.

Examples

m /,-norms on R2
m Octogonal norms

m Norms whose unit ball is a regular polygon with 4n vertices, for
neN
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Octogonal norms

Theorem (Martin, Meri, 2007)
For £ € [0,1], X¢ = (R%, | - l¢), where

‘ 3
2] + |y }

x, =max < |z|, |y|,
(o)l = max {Jal. Iy, 5

for every (z,y) € R2. Then

Figure: Octogonal norm
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Absolute symmetric norms on the plane

Regular polygons

Theorem (Martin, Meri, 2007)

Let n € N, X, is the two dimensional real
Banach space such that

ext(Bx,) ={zx: k=1,2,...,4n}

where

s ) < 0 1) Figure: Regular polygon n =2
=0
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Numerical index of absolute symmetric norms

X = (R%|-|D, || - | absolute and symmetric, T € L(X)

v(T) = sup{|z*(Tz)|: x € Sx, " € Sx=, z*(z) = 1}

n(X) = inf {TI(TT!\) T e L(X), T # 0}
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Numerical index of absolute symmetric norms

X = (R%|-|D, || - | absolute and symmetric, T € L(X)
v(T) = sup{|z*(Tz)|: x € Sx, " € Sx=, z*(z) = 1}

n(X) = inf {TI(TT!\) T e L(X), T # 0}

10 10 01 0 1
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Numerical index of absolute symmetric norms

X = (R%|-|D, || - | absolute and symmetric, T € L(X)
v(T) = sup{|z*(Tz)|: x € Sx, " € Sx=, z*(z) = 1}

n(X) = inf {TI(TT!\) T e L(X), T # 0}

10 10 01 0 1

m There exist A; € Rfor j =1,...,4such that T = by ARy,
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Numerical index of absolute symmetric norms

X = (R%|-|D, || - | absolute and symmetric, T € L(X)
v(T) = sup{|z*(Tz)|: x € Sx, " € Sx=, z*(z) = 1}

(T
) =it {

10 10 01 0 1

m There exist A; € Rfor j =1,...,4such that T = by ARy,

m (7)) = [[Shoy Ard]| < Aoy |44l

LT e £(X), T;éo}
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Numerical index of absolute symmetric norms

X = (R%|-|D, || - | absolute and symmetric, T € L(X)
v(T) = sup{|z*(Tz)|: x € Sx, " € Sx=, z*(z) = 1}

n(X) = inf {TI(TT!\) T e L(X), T # 0}

10 10 01 0 1

m There exist A; € Rfor j =1,...,4such that T = by ARy,
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Numerical index of absolute symmetric norms

X = (R%|-|D, || - | absolute and symmetric, T € L(X)
v(T) = sup{|z*(Tz)|: x € Sx, " € Sx=, z*(z) = 1}

(T
) =it {

10 10 01 0 1

m There exist A; € Rfor j =1,...,4such that T = by ARy,

LT e £(X), T;éo}

m (7)) = || Shoy Andi]| < Shoy Akl = max{[| Ty, 1|7 ]|oo}

m o(T) = v(+l; 'TI) for j =1,...,4
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Numerical index of absolute symmetric norms

X = (R%|-|D, || - | absolute and symmetric, T € L(X)
v(T) = sup{|z*(Tz)|: x € Sx, " € Sx=, z*(z) = 1}

(T
) =it {

10 10 01 0 1

m There exist A; € Rfor j =1,...,4such that T = by ARy,

LT e £(X), T;éo}

m (7)) = || Shoy Andi]| < Shoy Akl = max{[| Ty, 1|7 ]|oo}
m o(T) = v(+l; 'TI) for j =1,...,4

m Take zp € Sx and z{; € Sx~ be such that z(z9) =1 and
|25 (Lazo)| = v(14)
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Absolute symmetric norms on the plane

Numerical index of absolute symmetric norms

Theorem (Meri-Q., 2021)

Let X be R? endowed with an absolute and symmetric norm.
Let 9 € Sx and z{; € Sx~ be such that z{(zp) =1 and
|z (Laxo)| = v(14) and write ¢; = |z((Ljz0)| for every j =1,...,4.

Alicia Quero  Universidad de Granada XXII Lluis Santalé School 2023




Absolute symmetric norms on the plane

Numerical index of absolute symmetric norms

Theorem (Meri-Q., 2021)

Let X be R? endowed with an absolute and symmetric norm.

Let 9 € Sx and z{; € Sx~ be such that z{(zp) =1 and

|z (Laxo)| = v(14) and write ¢; = |z((Ljz0)| for every j =1,...,4.
If c4 =0, then n(X) = 0.
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Absolute symmetric norms on the plane

Numerical index of absolute symmetric norms

Theorem (Meri-Q., 2021)

Let X be R? endowed with an absolute and symmetric norm.

Let 9 € Sx and z{; € Sx~ be such that z{(zp) =1 and

|z (Laxo)| = v(14) and write ¢; = |z((Ljz0)| for every j =1,...,4.
If ¢4 =0, then n(X) = 0. If otherwise ¢4 > 0, then

n(X) > min {04, 2 } .

I+ 4+
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Absolute symmetric norms on the plane

Numerical index of absolute symmetric norms

Theorem (Meri-Q., 2021)

Let X be R? endowed with an absolute and symmetric norm.

Let 9 € Sx and z{; € Sx~ be such that z{(zp) =1 and

|z (Laxo)| = v(14) and write ¢; = |z((Ljz0)| for every j =1,...,4.
If ¢4 =0, then n(X) = 0. If otherwise ¢4 > 0, then

n(X) > min {04, 2 } .

I+ 4+

Moreover, if the inequality ¢4 (1 + é + é) < 1 holds, then
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Absolute symmetric norms on the plane

Numerical index of absolute symmetric norms

Theorem (Meri—Q., 2021)

Let X be R? endowed with an absolute and symmetric norm.

Let zp € Sx and z{; € Sx~ be such that z((zg) = 1 and

|25 (Laxo)| = v(14) and write ¢; = |z{(Ljz0)| for every j =1,...,4.
If the inequality ¢4 (1 + é + (,%) < 1 holds, then

n(X) = v(ly).
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Numerical index of absolute symmetric norms

Theorem (Meri-Q., 2021)

Let X be R? endowed with an absolute and symmetric norm.

Let zp € Sx and z{; € Sx~ be such that z(zg) =1 and

|z (Laxo)| = v(14) and write ¢; = |z{(Ljz0)| for every j =1,...,4.
If the inequality ¢ (1 +1+ %) < 1 holds, then

Theorem (Meri-Q., 2021)
Let p € [%,3}. Then,

tP=1 — ¢
£2 = M. = |
n(fp) = My T L
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Numerical index of absolute symmetric norms

Theorem (Meri—Q., 2021)

Let X be R? endowed with an absolute and symmetric norm.

Let zp € Sx and z{; € Sx~ be such that z((zg) = 1 and

|25 (Laxo)| = v(14) and write ¢; = |z{(Ljz0)| for every j =1,...,4.
If the inequality ¢4 (1 + é + (,%) < 1 holds, then

n(X) = v(ly).

Theorem (Monika—Zheng, 2022)
Let p € [1 + ap, ], where ag =~ 0.4547, a1 ~ 3.1993. Then,

P! — ¢
1+t

2y =M, =
nlfy) = My = fmax
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PN 2
Numerical index of 17

Numerical index of ZZQ)

Alicia Quero  Universidad de Granada XXII Lluis Santalé School 2023



Numerical index of 112)

a b
Let T = (c d) € L(Ef,)
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Numerical index of lf)

a b
Let T = (C d) € L(42)

w |7 < max{|| T, [Tl }
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Numerical index of lf)

a b
Let T = (C d) € L(42)

w [T < 1TV IT )5 < max{| T, 1T ]l } (Riesz-Thorin theorem)
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Numerical index of lf)

a b
Let T = (C d) € L(42)

w [T < TP IT ALY < max{|| T, | Tl } (Riesz-Thorin theorem)
|
|a+dtp|+|bt+ctp*1| |d+ atP|+ |ct +btP~1L|
v(T) = max { max max
te[0,1] 1+4+tp te[0,1] 1+tp
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Numerical index of l]%

a b
Let T = <C d) € L(42)

w [T < TP IT ALY < max{|| T, | Tl } (Riesz-Thorin theorem)
|
|a+dtp|+|bt+ctp*1| |d+ atP|+ |ct +btP~1L|
v(T) = max { max max
te[0,1] 1+4+tp te[0,1] 14tp
[t —t] [t —to

m Fix tg €]0, 1] such that Mp_tren[gl] TR S
0
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Numerical index of l]%

a b
Let T = <C d) € L(42)

w [T < TP IT ALY < max{|| T, | Tl } (Riesz-Thorin theorem)
|
|a+dtp|+|bt+ctp*1| |d+ atP|+ |ct +btP~1L|
v(T) = max { max max
te[0,1] 1+4+tp te[0,1] 14tp
[t —t] [t —to

m Fix tg €]0, 1] such that Mp_tren[gl] TR S
0

¢ S M /11
ITIP T~ 1+t

for every T € L(EIQ)) and p € ]1, %] U [3,00[?
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Numerical index of l]%

a b
Let T = <C d) € L(42)

w [T < TP IT ALY < max{|| T, | Tl } (Riesz-Thorin theorem)
| |
|a+dtp|+|bt+ctp*1| |d+ atP|+ |ct +btP~1L|
v(T) = max { max max
te[0,1] 1+4+tp te[0,1] 14tp
= [T =t

Fix to €]0, 1[ such that M, = —

= Fixto €]0, 1] such that M, T o) 14t 1+

T th=t —t
n ||TH 1;1(’||)T||1/q > | 01 v ol for every T € L(EIQ)) and p € ]1, %] U [3,00[?
1 0

Theorem (Meri-Q., 2022)
Let p € [5, 2} [3,6]. Then, n((2) = M,.
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