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CSP for C(K)-spaces. Are complemented subspaces in C(K)-spaces
isomorphic to C(K)-spaces?



One of the most important problems in the theory of Banach lattices,
which is still open, is whether any complemented subspace of a Banach
lattice must be linearly isomorphic to a Banach lattice.
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CSP for C(K)-spaces. Are complemented subspaces in C(K)-spaces
isomorphic to C(K)-spaces?

CSP for Banach lattices. Are complemented subspaces in Banach
lattices isomorphic to Banach lattices?
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Definition. A Banach lattice is a Banach space (X, || - ||) equipped with
a lattice order < which satisfies

Q Ifx<y thenx+z<y+zand ax < ay forany ac RT;
Q If x| <y], then [[x|| < [l¥|.
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Compact spaces induced by almost disjoint families

A family F of infinite subsets of N is almost disjoint whenever AN B is
finite for every distinct A, B € F.

If F is an almost disjoint family, the compact space induced by F is the
compact space Kr = NU{pa: Aec F} U {oco} where:
@ points in N are isolated;
@ given A € F, a basic neighbourhood of p4 is of the form
{pa} U(A\ F), where F is finite;

@ Kr is the one-point compactification of the locally compact space
NU{pa:Aec F}.



Theorem (G. Plebanek, A. Salguero-Alarcén, 2023)

There exist compact spaces K and L such that C(L) = C(K) @ X but X is
not isomorphic to a space of continuous functions.

Theorem (D. de Hevia, G.M.C., A. Salguero-Alarcén, P. Tradacete)

In fact, the space X is not isomorphic to a Banach lattice.




Important facts
@ Since L is scattered, we have C(L)*



Important facts
@ Since L is scattered, we have C(L)*



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.

@ /1 (and ¢1(T")) admits a unique Banach lattice structure.



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.

@ /1 (and ¢1(T")) admits a unique Banach lattice structure.
© Suppose X is a Banach lattice.



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.

@ /1 (and ¢1(T")) admits a unique Banach lattice structure.

© Suppose X is a Banach lattice. If x* € X* is an atom, then
x*(|x]) = |x*(x)]| for every x € X.



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.

@ /1 (and ¢1(T")) admits a unique Banach lattice structure.
© Suppose X is a Banach lattice. If x* € X* is an atom, then
x*(|x]) = |x*(x)]| for every x € X.

© Since L is separable, C(L) has a countable norming set.



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.

@ /1 (and ¢1(T")) admits a unique Banach lattice structure.

© Suppose X is a Banach lattice. If x* € X* is an atom, then
x*(|x]) = |x*(x)]| for every x € X.

@ Since L is separable, C(L) has a countable norming set. Therefore, X
has a countable norming set.



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.

@ /1 (and ¢1(T")) admits a unique Banach lattice structure.
© Suppose X is a Banach lattice. If x* € X* is an atom, then
x*(|x]) = |x*(x)]| for every x € X.

@ Since L is separable, C(L) has a countable norming set. Therefore, X
has a countable norming set.

@ If X is a Banach lattice, then there exists a norming sequence (€}),en
in X* consisting of atoms of X*.



Important facts

© Since L is scattered, we have C(L)* = {1(L)= C(K)* & X*. Therefore,
X* ={1(I") for some set I'.

@ /1 (and ¢1(T")) admits a unique Banach lattice structure.
© Suppose X is a Banach lattice. If x* € X* is an atom, then
x*(|x]) = |x*(x)]| for every x € X.

@ Since L is separable, C(L) has a countable norming set. Therefore, X
has a countable norming set.

@ If X is a Banach lattice, then there exists a norming sequence (€}),en
in X* consisting of atoms of X*.

Desired Property (DP)

For every norming sequence (e} )nen in X* there exists an element x € X
such that no element y € X satisfies

en(y) = |en(x)| for every n € N.
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Is every complemented subspace of C([0, 1]) isomorphic to a C(K)-space or
to a Banach lattice?
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Thank you for your attention.



