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DO THE ITERATES OF PROJECTIONS CONVERGE?

K fixed, eg. K=5
CG,GC,...,Ck Cc R or />
closed convex sets

ki, ko, -- € {1,2,..., K} be arbitrary
zp = Py,z,—1 sequence of projections

Do the iterates converge to a point in the intersection A = [ Cx,
if it is non-empty?




Convex sets

H Hilbert space
closed and convex Ci, G, ..., Cx C H
NG#0

zp = Py, z,—1 iterates of the nearest point projections of a point z

If H=RY then {z,} converges.
[Dye, Kuczumow, Lin, Reich '96]

There exist 2 closed and convex sets C,D C ¢, with0 € CN D,
and a sequence {z,} of iterates of nearest point projections on
these sets which does NOT converge in norm.

[Hundal "04]

There exist 3 closed subspaces L1, Ly, L3 C > with the following
property. For every 0 # zy € H there is a sequence

ki, ko, - € {1,2,3} so that the sequence of iterates defined by
zp = Py,z,—1 does not converge in norm.

[Eva Kopeckd, Vladimir Miiller, Adam Paszkiewicz, '14,'17]



remotest projections onto symmetric convex sets converge

Let all C,, a € Q, be closed, convex, and symmetric subsets of a
Hilbert space. (Hence 0 € (] C,.) Then the sequence of remotest
projections z, = P,,z,—1 where

dist (zp, Co,) = Maxqeq dist (zn, Cy)

converges in norm for any starting element zy € H.

[Borodin, Kopecka '23]
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relaxing symmetry by uniform almost symmetry:
Va:x € Cu= —15x € Gy

Here we WLOG assume 0 € C, C B(0,5) for all o;
15 can be replaced by a 6 € (0, 1].

relaxing remoteness: choose «, so that
dist (zn, Ca,) > 3 maxaeq dist (25, o)

More generally, take t, € (0,1] instead of %

satisfying the condition

V(ai) € €2 with a; > 0 : liminfy, o0 32 >miai=0

invented by [Temlyakov '02] for all C, hyperplanes; best possible.



degrees of symmetry

bounded, closed and convex C, C, C H Hilbert space
C is symmetric: x€ C = —x € C

C is somewhat symmetric: Vx € C 30, € (0,1] : —0xx € C
4 >
N

C is almost symmetric: 3§ € (0,1]: x€ C = —ox € C
C is somewhat symmetric < C is almost symmetric

4 >

. O Jle
The family C,, a € €, is uniformly almost symmetric:
30 € (0,1]Va: x € Gy = —dx € Gy




somewhat symmetric < almost symmetric

bounded, closed and convex C C H Hilbert space

C is somewhat symmetric: Vx € C 30, € (0,1] : —0xx € C
C is almost symmetric: 3§ € (0,1]: x € C = —ox € C

C is somewhat symmetric < C is almost symmetric

<= clear

Proof 1 =: Suppose infycc dx = 0.

Choose x, € C having dx, < 1/3.

Then x =377, 5 € C, hence 0x > 0 implying after some
computations 8y, > 1/3% for large k's - a contradiction.

Proof 2 =: (Baire category thm)

Both sets C N (—C) and conv (C U (—C)) generate norms on
span C in which span C is a Banach space. These norms are
equivalent in view of the open mapping theorem.

Hence infycc 6x > 0.



UNIFORM almost symmetry needed

There are C,, n € N, closed, convex, and (NOT uniformly!!)
almost symmetric subsets of ¢, and a sequence {z,} of remotest
projections onto these sets which does NOT converge in norm.

€, €1, €,... ON basis of /5, D:ed-, an\(0,6,10,j, N0

¢n: D — [0,00) convex, continuous, positively homogeneous s.t.

bn(en) = an, dn(—e€n) = dn(tem) =0if m#n

C'n is the e.pigraph of ¢n, C =) C~,,, C,is the epigraph of ¢, — d,
|(P5nPD))/"e,, —ept1| <5 " and |(Pc,Pp)Yren — ent1| < 57"

em 0 €n !n
1 1
€m €n+1 m €n+1

[m] = =



No norm-convergence in ¢, already for 2 convex sets

En+1

In /5 there exist a closed convex set C, a hyperplane D,
with 0 € CN D, and a point z so that

the iterates (PcPp)"z do not converge in norm.

The iterates approximately contain an ON sequence {e,}.
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In /5 there exist a closed convex set C, a hyperplane D,
with 0 € CN D, and a point z so that

the iterates (PcPp)"z do not converge in norm.

The iterates approximately contain an ON sequence {e,}.



