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Banach lattices

Definition

A lattice is a partially ordered set (L,≤) such that every two
elements x and y have a supremum x ∨y and an infimum x ∧y .

Definition

A vector lattice is a (real) vector space L that is also a lattice and

x ≤ x ′, y ≤ y ′, r ,s ≥ 0 ⇒ rx + sy ≤ rx ′+ sy ′

Definition

A Banach lattice is a vector lattice L that is also a Banach space
and for all x ,y ∈ L, |x | ≤ |y | ⇒ ‖x‖ ≤ ‖y‖

|x |= x ∨−x
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Banach lattices

Definition

A Banach lattice is a vector lattice L that is also a Banach space
and for all x ,y ∈ L, |x | ≤ |y | ⇒ ‖x‖ ≤ ‖y‖

C (K ), Lp(µ) with f ≤ g iff f (x)≤ g(x) for (almost) all x .

Spaces with unconditional basis with coordinatewise order: `2,
`p....
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Krivine function calculus

We can make sense of expressions like√
n

∑
i=1

|xi |2

= sup

{
n

∑
i=1

λixi : (λi ) ∈ `n2

}
General principle: A formula holds in all Banach lattices if and only
if it holds in R.

Example:

∣∣∣∣∣ n

∑
i=1

λixi

∣∣∣∣∣≤
√

n

∑
i=1

λ 2
i ·

√
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Krivine version of Grothendieck inequality

Theorem

If T : X −→ Y is a linear operator between Banach lattices, then∥∥∥∥∥
√

n

∑
i=1

|Txi |2
∥∥∥∥∥≤ KG · ‖T‖ ·

∥∥∥∥∥
√

n

∑
i=1

|xi |2
∥∥∥∥∥



The free Banach lattice generated by a Banach space E

For x ∈ E , take δx : E ∗ −→ R the evaluation.

Theorem (A., Tradacete, Rodŕıguez)

The free Banach lattice generated by E is the closure of the the
vector lattice generated by {δe : e ∈ E} in RE ∗ under the norm

‖f ‖= sup

{
m

∑
i=1

|f (x∗i )| : sup
x∈BE

m

∑
i=1

|x∗i (x)| ≤ 1

}

‖f ‖= sup

{
m

∑
i=1

|f (x∗i )| : sup

∥∥∥∥∥ m

∑
i=1

±x∗i

∥∥∥∥∥≤ 1

}



Absolute values

Theorem (A., Rodŕıguez, Tradacete)

In FBL[`2], the absolute values of the basis form an `1-basis

If p > 2 and 1/p+ 1/2 = 1/r ,

Theorem (A., Tradacete, Villanueva)

In FBL[`p], the absolute values of the basis form an `r -basis.

So whenever we have an `3-basis (xn) in a Banach lattice, the
absolute values (|xn|) satisfy an upper `6/5-estimate.
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Absolute values: c0

Theorem (A., Tradacete, Villanueva)

In FBL[c0], the absolute values of the basis form an `2-basis.

δ : c0 −→ FBL[c0]

∥∥∥∥∥ n

∑
i=1

λiδ (ei )

∥∥∥∥∥ ≤
∥∥∥∥∥
√

n

∑
i=1

λ 2
i

√
n

∑
i=1

δ (ei )2

∥∥∥∥∥
≤

√
n

∑
i=1

λ 2
i ·KG · ‖δ‖ ·

∥∥∥∥∥
√

n

∑
i=1

e2
i

∥∥∥∥∥
= KG ·

√
n

∑
i=1

λ 2
i

For the reverse inequality, we use Walsh matrices.
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Weakly compactly generated

FBL[`2(Γ)] is not weakly compactly generated, because the
absolute values of the basis generate `1(Γ).

FBL[c0] and FBL[`p(Γ)] are weakly compactly generated if
p > 2.

Therefore, the Banach lattice generated by any Banach space
copy of c0(Γ) or `p(Γ) is WCG if p > 2.
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Open questions

Characterize the bases whose absolute values in FBL[E ] are
weakly null.

Characterize the Banach spaces E for which FBL[E ] is WCG.


